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Experimental Model Determination for Neurocontrol
of a Thermal Conduction System

Prashant Prabhat,* D. C. Look," and S. N. Balakrishnan®
University of Missouri—Rolla, Rolla, Missouri 65409

Recently a synthesis methodology for the infinite time optimal neurocontrollers for partial differential equations
systems in the framework of adaptive-critic design has been developed. The adaptive-critic approach is applied to
a thermal conduction system. The experimental setup representing a one-dimensional heat conduction problem
developed by matching the experimental and simulation results using a tridiagonal-matrix algorithm is presented.
The discrete domain forms of the state, the costate and the optimal control equations are derived using the
distributed parameter model of the system. The synthesis is introduced of an adaptive-critic-based infinite time
optimal neurocontroller for online temperature profile control. The representative states of the system for training
the networks was generated using Fourier series-based smooth states profile algorithm. Finally, the action network
is implemented for temperature profile control of the experimental setup.

Nomenclature

cost function

length

number of grid points

number of time steps

weight for state variable in the cost function
weight for control variable in the cost function
domain of interest, set of state profiles
temperature within geometry

time

control within geometry

dynamic function

spatial position

thermal diffusivity

source term distribution
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cycle time indicator

discrete domain indicator

final spatial (time) indicator
finite difference spatial indicator
times of data writing indicator

= beginning spatial (time) indicator
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Superscript

k = finite difference time step indicator

Introduction

ISTRIBUTED systems are those which require description
by partial differential equations (PDE) or other models that
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account explicitly for spatial variations of the dependent variables
with time. Many chemical processes involving heat and/or mass
transfer or chemical reactions are modeled by parabolic PDE. The
dynamic behavior of most of the diffusion processes is well under-
stood, and the parameters and boundary conditionsare well known,!
whereas, in the experimental setup herein, it was not only desired to
synthesize and implement the optimal neurocontroller, but also to
study the behavior of the system and then model its parameters. The
first step for the experimental validation of the neurocontroller was
the developmentof the experimental setup and parameteridentifica-
tion of its mathematical model, which would represent the heat dif-
fusion (conduction) equation with Neumann boundary conditions.
This paper appears to be the first attempt to treat parameter identifi-
cation in distributed systems involved in approximating the system
by alumped model. The method assumes the system to be linear and
develops a transfer function approximating the distributed model.
Various methods for estimation of thermal diffusivity of a material
have been compared in Ref. 2. In Ref. 2, the governing PDE is ap-
proximated by a set of finite difference equations and the dynamic
(time series) data are used for parameter identification. The presen-
tation here follows a similar approach, but for a more complicated
system, where it is not only desired to arrive at a model of thermal
diffusivity of the system but also to find a mathematicalmodel of the
distributed source (control) term. Note that in the study presented,
no attempt was made to determine the optimal number of sensor
and actuator locations.

The designof controllersfor PDE-based systems has been studied
and implemented in Refs. 1, 3, and 4. The control of the diffusion
process was approximated as a lumped parameter system with the
technique of finite Fourier transform. Furthermore, in these studies,
the control was designed by approximatingthe distributedparameter
system by a lumped parameter system using an integral transform,
the desire being to maintain a particular temperature profile in the
steady state for the thermal system. In the study presented here, no
use is made of any of these transforms. Instead the methodology of
adaptive critic design® and dynamic programming methodology for
optimal controller synthesisis used. The conventionaldynamic pro-
gramming methodology for the solution of optimal control, despite
having many desirable features, is severely restricted by its compu-
tational requirements. However, recently, an advanced neurocontrol
methodology called the adaptive-critic design has provided a new
perspective. The advantages include optimal control of the plant
maintaining a feedback structure to the controller in real time from
any initial state in the domain of interest to the desired final state.
In addition, this method can handle linear and nonlinear problems
directly, retaining the same structure. This adaptive-critic design
has recently been used for optimal control of distributed parameter
systems,® where the comparison of the numericalresults of the linear
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heat diffusion problem with Neumann boundary conditions and the
established operator theory based on a linear quadratic regulator’
technique shows good results.

In this study, a linear one-dimensional, transient heat conduction
equation with Neumann boundary conditions has been considered,
and the optimal neurocontrollerhas been successfullyimplemented
on the experimental setup for on-line temperature profile control.

Thus, the goal of this study is the formulation of a procedure for
producing a given final temperature profile given an initial temper-
ature profile, that is, develop values and functional forms for «(y)
and B(y)u(t, y) that will allow the initial temperature distribution
to transform to another, predetermined temperature profile. To ac-
complish this task, the system characteristics must be determined.
Therefore, this paper presents the first efforts to carry out this task.

The following discussion lays out the procedure. First, an exper-
imental setup will be discussed. Then proceduresused to determine
a(y) and B(y)u(t,y) for this setup will be developed. The final
explantion will be based on control theory, that is, the procedure
needed to produce the optimal procedure will be presented.

Experimental Setup and Its Modeling

In this section, the development of the experimental setup that
would represent the one-dimensional, transient heat conduction
problem is discussed. The main difficulty that was encountered re-
lated to the development of the mathematical model of the experi-
mental setup. As opposed to most studies,">* neither the behavior
nor a model of the experimental setup was available for controller
synthesis and implementation. The main objective of this section is
to model the experimental setup, including the model of each heater.

Analytical Background
Consider the one-dimensional, transient conduction problem as
indicated by

aT(t,y) 3T, y)
” =a(y) 2y2 +BMult, y) (D

with Neumann boundary conditions of

iran| o
A 0
iran|  _, 5
LA yf
The initial condition is that
T (0, y) = some given function of y 4)

Figure 1 shows an example initial condition of this type of
problem, where it is desired to achieve a known temperature pro-
file over the domain of interest, that is, 7 (¢t = oo, y). Note that
T (0, y) represents any initial profile within the domain of inter-
estyo <y <y, T(t, y) representsthe transient temperature profile,
and T (t = 00, y) is the desired final temperature profile. Here o (y)
is the thermal diffusivity and B(y) is the heat input (energy trans-
ferred into the domain of interest generated by means other than
thermal conduction). In this discussion it will be referred to as the
source term distribution. The controlterm is u (¢, y), and in this dis-
cussion it denotes a current load at which a heater is operating. Its
valueis 1 for a particular heater if it is full on (100% of its load) and
0 ifitis off.

When the heater is partially on, u takes an appropriate value be-
tween 0 and 1. For example, if it is 50%, the value of u is 0.5 and
so on. Note that, in the experimental setup, it was possible to set
the values only to an integer value (in percentage). Accordingly, u
can have only discrete values from the set {0, 0.01, .. ., 1.0}. Other
values were rounded to the nearesthundredth. The functionaldepen-
dence of u on time ¢ comes out of the solution of the optimal control
problem (computed as a function of the state at each time step), and
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Fig. 1 Experiment schematic.
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Fig. 2 Cross section (side view) of cylindrical experimental setup.

its functional dependence on the spatial variable y is governed by
its physical (grid point) location.

Experimental Setup

To present an overview of the hardware setup in this one-
dimensional,transientconductionproblem, note that the experimen-
tal setup consists of a series of aluminum slabs and heaters placed
one afteranother,as shownin Fig. 2. There were 10 heatersand 9 alu-
minum slabs assembled. Mica heaters were selected for their small
thickness of 0.000635 m (0.025 in.) per element and high temper-
ature rating of 593°C. The heaters are 0.1524 m (6 in.) in diameter
and have a lead bulge of 0.00508 m (0.2 in.) thick on one of their
faces where the leading wires are connectedto the heater. Aluminum
slabs were used because of their high thermal conductivity. They are
als00.1524 m (6 in.) in diameterand 0.0127 m (% in.) thick. A notch
was cut on one of the faces of the aluminum slabs to accommodate
the lead bulge of each heater. A hole of 0.003175 m (0.125 in.) in
diameter was drilled radially into the side of each of the aluminum
slabs to place a thermocouple into the slab. Because these holes fa-
cilitate temperature measurements, they were 0.0508 m (2 in.) deep
and placed diametrically opposite to the notch to measure the tem-
perature at a point farthest away from lead bulge of the two heaters
assembled on either side of the slab. To minimize the effect of dis-
continuity in heat conductionon the temperature measurementsdue
to presence of notch, two consecutive slabs were rotated by 90 deg.
K-type thermocouples were used for the temperature measurement;
their tips were placed at the bottom of a 0.0508-m-deep hole.

The electronic hardware schematic is given in Fig. 3. An exter-
nal multiplexer device expands the number of analog input signals
a plug-in data acquisition (DAQ) device can measure. To measure
temperature, the two ends of the thermocouples were connected to
the inputchannels of the multiplexerin the differentialmeasurement
mode. Each device channel of the DAQ scans four channels of the
external multiplexer. The software used for input and output of data
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Fig. 3 Hardware setup.

was LabVIEW, installed on a Pentium personal computer. Channel
0 of the external multiplexer is used to get the cold junction com-
pensation temperature reading. The temperature readings from the
thermocoupleswere linearizedin LabVIEW using the cold junction
compensationtemperature. The heaters were connectedto an 120-V
power supply through solid-state relays (SSR). These relays were
switched on and off using a digital I/O. The on and off sequence, as
well as load control of the heaters, was achieved using LabVIEW.
To control the operating load of the heaters, they were switched on
for a predetermined period of time during each cycle time [Eq. (5)]:

N¢ = 0.035N, 5)

where N¢ is the cycle time in seconds and N, is the number of times
the data are written to the digital I/O during each cycle. For this
model setup, N¢ was 4.5 s.

During each cycle, the data were written to a digital I/O for a
predetermined number of times after an interval 35 ms (limited by
the SSR specification), updating the status of each of the heaters to
on or off, depending on the current desired load for each heater.

Modeling: Finite Difference and Tridiagonal Matrix Algorithm

A methodologyfor modeling this one-dimensional,transientheat
conduction problem for a distributed parameter system was devel-
oped and will be presented in this section. While modeling this
problem, the system parameters as well as an understanding of the
system behavior is needed. Parameters are defined as functions or
constants, other than the dependent variable, appearing explicitly
in the mathematical model. Various approaches for identification of
parameters for distributed systems have been discussed ®° A finite
difference scheme was used in this study. The tridiagonal matrix al-
gorithm (TDMA)'®!! was used for the numerical simulation. When
the simulation results were matched with the experimental results,
the mathematical model of the system was developed.

Model of a(y)

Refer to Eq. (1). It is desired to determine the coefficients ()

and B(y) for this specific setup. This was achieved in two steps.

Initially, experiments and simulations were conducted to arrive at

a form of «(y). The control term B(y)u(z, y) was neglected while

arriving at a model of «(y). Thus, the solution to the homogeneous
equation

oT (t,y) 92T (t,y)

TR T
y

(6)

must be determined first, where the initial and boundary conditions
are the same as Eqgs. (2-4).

The correspondingfinite-differencemesh, usinga backward finite
difference approximation of Eq. (6), is

— Y

Tik_Tikil |:Tik+1_2Tik+Tik1
=«

where k is the time ¢ increment and i is the space y increment.
Rearranging Eq. (7) yields

—[e/ AV T+ [ (200 ) AY?) + (1/AD)] T

/AT =18 A ®)

The solution to this set of n equations for this one-dimensional,

transient situation can be obtained by the standard Gauss-

elimination method. Because of the simple form of the equations,

the elimination process turns into an algorithm called TDMA or

Thomas algorithm (see Ref. 11). The standard form of Eq. (8) for
TDMA applicationis

—ATL + BT - GTL, =D, ©)
where
A= /Ay (10)
Ci=a/Ay (12)
Di:Tl_k—l/At a3

At this point, assume a relationshipin the backward-substitution
process in the following form is desired:

T = E;T'  +F, (14)

i i1
In the case of i > 0, Eq. (14) can be reindexed to
T',:[:Ei—lTik'f_Fi—l (15)

i

Substituting Eq. (15) in Eq. (9) leads to the suggested general form
with the following coefficients:

E = A (16)
e Bi_CiEifl
D, +C,F,_
izg (17)
[Bi_CiEifl]

The insulated boundary conditions at the y = y, boundary [Eq. (2)]
yields
Tk =Tk (18)

i+1 i

Comparison of coefficients of Eq. (18) with that of Eq. (14) yields

E =1, F =0 (19)

The insulated boundary conditionat y = y, produces

Tk =Tk (20)

i+1 i

Using Eq. (20) in Eq. (14), we get

Tt = [Fi o /(1= Ei )] 1)

At this point, all of the information is available to use the TDMA
algotithm. However, note that the time step plays an important role
in the convergence of the numerical solution. That is, for a very
large value, numerical divergence might occur, whereas too small a
value would lead to inconvenientlyslow convergence.For numerical
stability of the finite difference schemes for a parabolic linear PDE
of the form (37 /dt) = a(3%T/y?), a well-known stability condition
isAt/(@AY?) < % Our selectionof At satisfies this condition.Even
though there is no lower bound from a stability requirement, if it is
too small, it will lead toward problemsin the neural network training
(because the training is based on state and costate propagation).In
other words, the corrections in the training will be very slow. We
have not carried out any optimization process to fix a sufficiently
higher value for At.
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Fig. 4 Source term model for heater 1.

Model of B(y)

As mentioned earlier, the second step in modeling of this setup
was to model the heaters represented by the source terms in Eq. (1).
Thus, for modeling the control term/source term, Eq. (1) was used.
Recall that B(y) is a model of the heat generation term. As ex-
plained earlier, 8(y) is the source term distribution. It is a function
of y (Fig. 4). The inclusion of this term requires changes in the
finite difference scheme just presented, that is, the backward finite
difference scheme yields

T_k _ T_k— 1
At

— Wi

Tik+1_2Tik+Tik71 k
G +puE (22)

where k and i have the same interpretation. Rearranging Eq. (22)
yields

o 20, 1 o ThH!
—| = |T* Tk =T =4 uk
|:Ay2i| l+l+|:Ay2+Ati| i |:Ay2i| i—1 At +ﬂlul

(23)

With use of the same procedure as before, the following coeffi-
cients are produced:

A= /Ay (24)

B = [(20;/2y?) +(1/80)] (25)
Ci = o/ Ay? (26)

D; = (T}~"/ At) + puf 27)

Note that, the source/generation term is included in D;. The rest of
the TDMA is the same as presented earlier.

Experimentation and Numerical Simulations

Results of only one of the experiments that were conducted to
model this setup is presented in this section. It is based on the se-
lection of the parameters for the numerical simulationusing TDMA
such that the experimental results were in agreement with the sim-
ulation results.

For the numerical simulation results to be acceptable, the trun-
cation error must be small and the finite difference representation
of the marching method needs to meet the conditions of consis-
tency and stability.'® To keep the size of roundoff errors down, it is
sufficient'? that

A,‘ > O7 B,‘ > O7 C,‘ > O7 B,‘ > A,‘ + C,‘ (28)

These conditions are satisfied by the numerical scheme presented
here. Also, because the coefficients A;, B; and C; are always posi-
tive, the numerical results are stable. The number of grids that gave

numerically consistentresults was determined. It was observed that
if the number of grid points selected was greaterthanorequal to 217
nodes, the numerical results were consistent with the experimental
results. (This is then a grid-independentsolution.)

For the selected temperature profile presented here, the
parameters used were A =0.1's, Ay=5.267 x 107 m, iy, =1,
imax = 217, and knax = 100. Note that, with this selection of param-
eters, the TDMA was able to simulate the final results at the end
of 10 s. To simulate the results after each 10-s interval, the tem-
perature profile over the entire domain that was obtained at the last
iteration was used as the initial conditionfor the next set of the sim-
ulation. Therefore, the TDMA is repeated many times to arrive at
the simulated results for desired time.

The experiments were conducted by heating the setup with the
heaters until the desired temperature was reached. Temperature data
were collected from all 11 thermocouple readings with respect to
time.

This section describes the development of a model for heater 1
shown as H-1 in Fig. 2. To accomplish this, all of the other heaters
were off; only heater 1 was kepton at 100% of its capacity. Thus, only
its effect on the system behavior was recorded. Figure 5 shows the
temperature response with this experimental setup for the 11 ther-
mocouplesunder these conditions. Note that this profile requires the
source term as per Eq. (1). With heater 1 was turned off, Fig. 6 shows
the temperature response of the 11 thermocouples. Similarly, Fig. 6
results do not have a source term, that is, Eq. (5) is the governing
equation.

Temperature

TC Number

Fig. 5 Heating curve for heater 1.

Temperature

TC Number

Fig. 6 Cooling curve for heater 1.
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Temperature

TC Number

Fig. 7 Experimental results and TDMA simulations for cooling curve
of heater 1.

Temperature

TC Number

Fig. 8 Experimental results and TDMA simulations for heating curve
of heater 1.

The task of determining a value for «(y) was based on the finite
difference form of Eq. (6). The initial temperature profile was gen-
erated by linearinterpolationbetween the 11 thermocouplereadings
at the initial time representedin Fig. 6. Thus, various constant val-
ues of (y) were assumed, and the TDMA simulations were made
to match the cooling curve of the 11 thermocouplesin Fig. 6. Note
in Fig. 7 that the chosen value of @ = 8.5 x 1077 m?/s leads to very
good match between experimental results with that of TDMA sim-
ulations. Also, the assumption that « is constant over the spatial
domain appears to be justified by these results.

Recall that the governing equation whose solution shows the sys-
tem response in the presence of a source term is Eq. (1). Figure 5
shows such a system. Thus, modeling this heating curve should help
to determine a source term model of B(y). Recall that u (¢, y) must
be 1 for heater 1: This means that heater 1 was switched on at 100%
load capacity; u(t, y) was zero for all of the other heaters. By trial
and error, a distributed source model for B(y) was developed for
heater 1, which is shown as Fig. 4. For this choice of 8(y), the ex-
perimental results were in agreement with the simulation results for
all 11 thermocoupleresults, as shown in Fig. 8.

The choice of the model for () shown in Fig. 4, can be justified
in terms of the effect of the source term over the domain of interest.
As in Fig. 5, the maximum effect of heater 1 is on the two sides
adjacent to its physical location. In general, the effect of the heater
decreases as we move farther away from the heater location. The
meaning of effect here is the heat flux generated in the system,
which leads to temperature rise. Note that even though the source

term, which is a heaterin the experimentalsetup, is located at node 1
(extreme left) in the system, it is represented by a distributed source
termmodel asin Fig. 4. The justificationfor selectionof a distributed
model for the heater appears to be validated by the experimentaland
simulation results agreement. This procedure was repeated to find
a distributed source term model of each heater.

Diffusion Conduction Optimal Control Problem

After development of the model of each component of the sys-
tem, the next step was to synthesizethe optimal neurocontroller.The
first part of this sectionis a discussion of the methodology for deter-
mining the distributed parameter system as discussed in Ref. 6 and
then proceed to develop the optimal diffusion problem controller.
The vocabulary and terminology of the control specialist will be
integrated into the discussion.

System Dynamics (State Equation)

The problem presented here is a one-dimensional, transient dis-
tributed parameter system; 7 is a function of the two independent
variablestime 7 and space y. The system dynamics (the temperture)
evolvesin time and is given by

Xev1,j = JiTea, Teas oo, Tiom, U j) (29)

The subscriptk accountsfor marchingoftime and j the spatial distri-
bution. M denotes the final node number in that spatial distribution.

Cost Function
The following equation is referred to as a general cost function:

N-1

M
J= Z Z W i (Txj, ue,j) (30)

k=1 j=1

where N is the number of discrete time steps and W is any utility
function. In agreement with the preceding definition of the cost
function, the cost function from time step k is

N—-1 M
T = Z Z Wi i (Ti g ) 3D

k=k Jj=1
Finally, the costate is defined as

3,

Bk =57
sJ

(32)

Optimal Control Equation
For optimal control, the necessary condition for optimality is
given by
3 Jy
ouy ;

=0 (33)

After some algebraic manipulation, the optimal control equation
obtained is given by

M M
oV, 5 aTka
—) A A ——=)Ay=0 34
E l:(auk'j) +§ : k+l._/( dute, y (34)

=1

Costate Dynamics
Substituting for J; from Eq. (31) into Eq. (33) and some algebraic
manipulation yields

M
oW, - oT, .
Ayl = E |:( axk'i’) + )\Hl";Ay(_aT: 1»../ )i|
T ] J
j=1 : :
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The state equation, costate equation, and optimal control equa-
tion must be solved simultaneously to obtain the required optimal
control. By the use of Eq. (34), Eq. (35) can be simplified to

M
I, - aT, ., -
Ayh, = [(—BT:’) + Ay (_akT: L )} (36)
7 sJ sJ
J

=1

Note thatthis operationis valid along the optimal trajectory where
the partial derivative of the cost function with respect to the con-
trol/source is zero.

Optimal Diffusion Problem

To develop a infinite time optimal controller, recall that the prob-
lemis describedby Eqs. (1-4), where the state variableis 7'(¢, y) and
T (0, y) is any initial temperature profile within the interest domain.
The objective is to find the optimal control u(#, y) that minimizes
the quadratic cost function

0 Yf
J:%/ f (072, y) + Rt p)]dydi  (37)

where T (¢, y) and u(t, y) are the state and control variables as a
function of time and spatial coordinate y, Q is the weighting factor
on the state variable, and R is the weighting factor on the control
variable. Furthermore, #; and ¢, — o0 are initial and final times,
where y, and y; are initial and final points on the spatial coordinate
axis.

Discrete Formulation
The associated cost function, which is to be minimized, is given
by

0 M
J= % ; 2 (QoT?, + Rpii2 ;) (38)
where
Qp = ArAyQ (39
Rp = AtAYR (40)

In this case, Qp and Rp are the weighting factors on the state
and control variables respectively, in the discrete domain. For this
particular problem, the utility function is

W, = %[QDTkZ_J. + RDug_j] 41)

The following equations are the resulting state, costate, and opti-
mal control equations, respectively:

Tivrj=T,; + At[a_i(Tk._f+l 2T ;+ T - 1)/Ay2 + ﬂjuk.j]

(42)
Akj = Aky1j+ At[otj(?»k+1.j+1 —2hk vyt Ay 1__,»,1)/Ay2

+0,T:,] (43)

up ;= —Rp' Bkt (44)

where At and Ay are the step sizes of the time and spatial variables,
respectively. These equations must be solved simultaneously for
optimal control. Note that, together with the necessary conditions
of optimality, we have to satisfy the following initial and boundary
conditions.

If Tp ;. can be any point in the domain of interest, then Ay, ; =0,
as N — oo,

Xe,0 = Xk, 15 Tivsr=Tim

Ak = Ak, M1 = Aem (45)

Adaptive-Critic Controller Synthesis

The adaptive-critic synthesis procedure has been presented?®
However, the core of the technique, which is the iterative train-
ing between critic and action neural networks is presented briefly
in Fig. 9. The philosophical justification for adaptive-critic struc-
tures has been discussed.* For this study, the solution processes are
shown in Figs. 9-11.

The synthesized set of M critic networks, for k =N — 1, with
input Ty _, ; and output Ay _ ; is produced as per the following
steps (Fig. 9):

1) Assume Ty ; as some random smooth state profile. (The par-
ticulars will be discussed later.)

2) Obtain u; ; from the trained action networks.

3) Obtain T} 1 ; from the state equation (42).

4) Input T}, ; to the trained set of critic networks at (k + 1)th
time step, to obtain Ay 4 ;.

5) Now, with the availability of T, ; and A, ;, calculate A, ;
from the costate equation (43),

6) Train the set of critic networks with input 7y ; _ 1, Ty j, Ty j 41
and output A ; for all of the networks related to the internal node
points. For those intended for the boundarynode points, we consider
either Ty 1, Ty or Ty y—1, Ty u as the input.

After that, the focus is on action network synthesis. The training
process is carried out in the following steps (Fig. 10).

1) Assume random T} ;, within the relevantrange, using smooth
state profile algorithm and input it to the action networks to obtain
uk.j'

2) Use state equation (42) and the boundary condition (45) to
obtain 7 ; uniquely.

3) Input T, ; to the trained set of critic networks to obtain
Mty

4) Get the optimal control ut] from Eq. (44).

5) Train the networks at the kth time step with input 7, ; _,, T} ;,
T,j+1 and outputuy ; for all of the networks related to the internal
node points. For those intended for the boundary node points, we
consider either 7y |, Ty, or Ty 3 _ 1, Ty as the input.

Once this process of action synthesis is over, we revert to critic
synthesis again. The alternate critic and action network training

CRITIC (CO-STATE) NETWORK SETUP

*
A
A .
X | M
Co-state
Equation
Xy
/
Action
} Setup . State | Critic |
X, U, Equation Xk 1 Setwp |, }\‘k
+1

Fig. 9 Schematic of critic synthesis procedure.



PRABHAT, LOOK, AND BALAKRISHNAN 477

ACTION (CONTROL) NETWORK SETUP

u
>k
u*
k
A
State
Xk Equation uk
Kot A
¥ k+1 .
Critic Setup ! Optimal
| l Control
! ! Equation
hx

k

Fig. 10 Schematic of action synthesis procedure.

Derivatives of Cost
———————

X
kil CRITIC >

Mt
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Y

Xk - CONTROL Y
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7 X
Y
A
u
- PLANT  fe—t
Xirl

Fig. 11 Successive training of critic and action networks.

process is continued until no noticeable change in the output is
observed in the outputs in the successive trainings (Fig. 11). Then
the networks converge to give the true optimal relationships.

For the controller synthesis presented here, Op =1, Rp =1,
1,=0, yo=0, and y; =1.143 x 10" m, which is the length of
the experimental setup in Fig. 2. For the finite difference proce-
dure for this system, we used At =0.01 sand Ay =1.27 x 1072 m,
which is the distance between two adjacent heater locations placed
equidistant from each other. With this choice of parameters, stable
training results were achieved. Because our experimental setup has
10 heaters, we select 10 node points for neural network synthesis.

Thus, there are 10 action and critic networks, 1 for each of the nodes.
The convergence criteria were achieved when no noticeable change
was observed in the output of the networks in successive training.

Note that the state and costate equations (42) and (43) need «;
and B; values, respectively, from the experimentalmodel of the sys-
tem. Because in our modeling «; is a constant value over the entire
domain, a value of ; =8.5 x 1077 m?/s was used in the equations.
However,in our TDMA model, the 8; valueisnot constant.Its value
changes with every heater model. In fact, every heater model has a
distributedsource term model, as shown in Fig. 4 for heater 1. Recall
that the TDMA used 217 nodes to model the system, whereas our
current neurocontroller synthesis required an equivalent 10-node
representation of the source terms. This was achieved by finding
the area under the curve of source term (as in Fig. 4 for heater 1)
for each of the heaters and using this numerical value as 8; for that
node of neural network. Because the 8 term in the TDMA represents
the rate of heat generation per unit volume, for the one-dimensional
heat conduction, integration of this term over the length gives an
equivalent representation of rate of the heat generation term to be
incorporatedin the neural network as a point source.

In the current implementation, the network structure is retained
similar to thatin Ref. 6. For the interior node points, we have used a
multilayerfeedforwardnetwork of the form 3 s 5,1 forcritictraining
and a similar network for action training. Here, 3 5 5, is a neural
network with three neurons in the input layer, five neurons each in
the two other hidden layers, and one neuron in the output layer. For
the boundary node points, however, the network structure is taken
to be of the form 7, 5 5.;. This is because the state values were not
inputat fictitiousnode points as input to the network. This was done
becausethe associatedboundary conditionslead to both xo = x; and
Ty 1 = Ty This essentially means no additional information goes
to the networks by providing the state values at the fictitious node
points. The tangent sigmoid function was taken for all of the hidden
layers and a linear function for the output layer.

Some of the important parameters to be considered in neural
network training are stability and convergence. For the numerical
results to be stable, the grid size for both time and space must be
chosen properly. With the preceding choice of these parameters, the
neural network training was achievable withoutany numericalinsta-
bility. To achieve convergence in training the networks, the choice
of the x; ; value plays an importantrole. Based on the understand-
ing of the system where the neurocontrolleris to be implemented,
T, the state information, should be such that it represents a feasi-
ble state. If the choice of T; ; was made as random values selected
over the domain, then the convergence could not be achieved for a
10-node architecture. The reason for this is that there is too much
waviness in the training profile. Thus, an algorithm was developed
to generate smooth state profiles for training the networks. When
this algorithmis used, the 7 ; profile has a smooth gradientover the
entire length. From a temperature gradient perspective also, it was
unlikely to encounter a steep temperature gradient in our current
setup, which justified the implementation of smooth state profile
for training the networks. Fourier series was used to generate the
smooth state profiles. The equations involved in the generation of
this have been discussed'* and is repeated briefly here.

We assume an envelope profile to be representative of the smooth
state profile as

Jaw(¥) = a+ Acos[—m + (2my/L)] (46)

where L is the overall length of the spatial domain y. A and a are
the coefficients to be chosen. Then we define

S = T, ) NTEDN = N fere DL NT" @ = N Sl DI
r= T'(,0)=T'(¢,0) =0
47)

as the domain of interest, where 7T (¢, y) is the state of the system to
be generated for training the networks. After fixing 0 <C; <1, we
assume

2 2 2 2
1N = Cill feneII7, 1 N = 1 fony |l (48)
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To satisfy the boundary conditions, we assume a Fourier cosine
series expansion as an approximationin the form of

Ny
T(t,y) =a +Zan cos (nnTy) (49)

n=1

where N is the total number of terms considered to be necessary to
generate the series and a, and a, are the coefficients of the series.
After some algebra, we can write

Ny
J A2
2w+ Y @) <¢ (zﬂ + T)L (50)

n=1

Ny 4 2 3
Y na? (ﬁ) 5A2n4(—) 51)
L L

n=1

|~

To satisfy both the inequalities(50) and (51), random coefficients
a,,n=0,1,..., N, are selected to generate a state profile using
Eq. (49). Such a profile is guaranteed to lie within our definition of
the domain of interest, that is, Eq. (47). The choice of the smooth
states profile algorithm leads to proper training of the neural net-
work structure, and the results were stable, which converged in the
adaptive-critictraining. Note that the controller synthesis was done
entirelyin off-linetraining by possibly using all representativestates
of the real system in the training algorithm. The on-line implemen-
tation of the neurocontrollerwas achieved by simply implementing
the weights of the off-line-trained action networks, and no on-line
training was required.

On-Line Implementation of the Neurocontroller

After the neurocontroller was synthesized, it was implemented
in LabVIEW for on-line optimal control of the desired temperature
profile, as shown in Fig. 12. To synthesize a regulator problem, the
errorin temperatureat each node location with respectto the desired
temperature is fed to the neurocontroller after normalization. The
controller returns the desired control from the heaters. Because no
sensors were available at exact heater locations, the temperature at
the heater location was approximated by linear interpolation of the
temperature of two adjacent thermocouple readings. This was not
true for the heaters placed at two ends (heaters 1 and 10), where
the thermocouples were placed on the outer face of the heaters. The
action network was implemented in LabVIEW, and the states were
fed to the network to achieve control.

The sequencesof activitiesin the neurocontrollerimplementation
are as follows:

1) Obtain the temperature readings from the setup.

2) Find the error with respect to desired temperature profile.

3) Normalize the error to obtain states.

4) Feed the states to the neurocontroller. Obtain the control from
the neurocontroller.

5) Implement the control to the heaters by regulating their load
capacity during the cycle time.

6) Repeat the procedure until the desired temperature profile is
achieved.

Control Temperature
- Plant
Desired
Temperature
Neuro Controller

F

Normalize States

Fig. 12 Neurocontroller implementation.

Note that, because the experimental setup did not have cooling
(energy sinks), additional constraints were implemented in the pre-
cedingalgorithm. Wheneverthe controllerdemanded cooling at any
of the heater locations, the heater was shut off during that particular
cycletime. The temperaturewas sampled at 1000 samples/s from the
first and second channel of the digital I/O. After sampling 80 read-
ings from these thermocouples, they were averaged. This was done
to minimize the error due to surrounding noise on the thermocou-
ple readings. All of the temperature readings thus obtained were set
using the calibration factor of each thermocouple. The calibration
factor for each thermocouple was obtained by sampling tempera-
tures from each thermocouple at room temperature and calibrating
their mean temperaturereading againsta thermometerreading taken
at the same time.

Results and Discussion

The experimental results of the neurocontroller implementation
are discussed in this section. The desired final temperature profile
in the current experiment was a parabolic profile with maximum
desired temperature at the center of the setup. Figure 13 shows the
dynamic temperature readings at 10 heater locations. The desired
profile is plotted as asterisksin Fig. 13. The experiment was started
from an arbitrary initial profile, where all of the thermocouple read-
ings are close to 25°C, £5°C. The actual control that was directed
by the neurocontrollerto achieve the desired profile is presented in
Fig. 14.
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Fig. 13 Experimental results for desired parabolic profile.

40

_
o

Control ( %Load on heater)

Qo
v

10

Time Heater Number

Fig. 14 Control (percent load of heaters) for Fig. 13.
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Observe in the results that, by using the neurocontroller, it was
possibleto achieve the desired profile. Also, note that the neurocon-
troller achieved the desired profile in steady state (no change with
time over a sufficiently long duration). Although some abnormality
was observed in the rate of temperature buildup at two of the end
nodes, it can be attributed to the physical setup configuration rather
than to the neurocontroller. This observation is based on extensive
simulations that were carried out for modeling the system, where
the observed results are within the limits of the predicted physical
system behavior. Some abnormality was also observed at the ther-
mocouple placed on the face of heater 1. As in Fig. 13, even in the
steady state, the temperature at node 0 does not reach the desired
temperature, whereas all other thermocouplesreach the desired tem-
perature. This implies that even though the neurocontroller directs
a finite nonzero control to be actuated by heater 0, this does not lead
to any temperature rise at node 0.

To check if this abnormality was due to the existing noise in the
thermocouple readings, a digital low-pass Bessel filter was imple-
mented in LabVIEW after sampling the temperature readings. The
sampling frequency of the Bessel filter was set to the sampling fre-
quency at which data were acquired using the DAQ system. This
low-cutoff frequency of the Bessel filter was set to 20 Hz. The low
cutoff frequency was chosen by matching the temperature readings
againstthe calibrated thermometerreading as discussed. Similar re-
sults as in Figs. 13 and 14 were achieved, even after implementing
the Bessel filter. The possible explanation for the abnormality at the
node-0 temperaturereadingin steady state might be attributed to the
physical setup. Based on observations of the experimental data, it
was observed that, even though the experimental setup is supposed
to have perfectinsulation on all sides, it is difficult to achieve. This
means there is always some heat loss taking place from the sys-
tem, which has been neglected in the controller synthesis because
of its negligible value over a wide range of operating temperature.
However, this heat loss from the system is not negligible compared
to the heat flux input to the system in steady state when the con-
trol asymptotically goes to zero. This heat loss possibly not being
dominant near the heater O location prevents the temperature rise in
steady state. This means any heat flux input by heater O compen-
sates for the heat loss due to poor insulation in that region. Similar
abnormality in the results were observed in subsequentexperiments
discussed later.

In any thermal system, one of the factors affecting the temperature
response is the boundary condition for the system. Although in the
presented formulation the insulated boundary condition at the two
ends of the system was taken into account, the heat loss from the
longitudinal sides, due to radiative heat loss in the mathematical
formulation, was not. However, this radiative heat loss is taken into
accountin the developmentof the distributed source term model for
each heater. Because we model the system from experimental data,
accountwas also taken for the heatloss from the systemin our heater

Temperature

1500 g

Heater Number

Time

Fig. 15 Experimental results for desired linear profile.

models. This means the heater models are specific to this insulated
system. A change in the insulation of the system would require
a remodeling of the source terms; hence, the insulation was not
changedeven after observing the abnormalityin the node-Oreading.

Some other desired profiles that were achieved by the neurocon-
troller are presented in Figs. 15 and 16. Figures 15 and 16 are the
temperature and corresponding control plots of experimentation,
when it is was desired to drive the system to a uniform temperature
of 50°C. The experiment was started with the initial temperature
readings between 25 and 30°C.
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Fig. 16 Control (percent load of heaters) for Fig. 15.
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Fig. 17 Experimental results for desired parabolic profile.
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Fig. 18 Control (percent load of heaters) for Fig. 17.
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The last set of experimental results is presented in Figs. 17 and
18. In this case it was desired to achieve a parabolic temperature
profile, where the difference in reading the between two end nodes
was 10°C. As observedin the experimentalresults discussedearlier,
the neurocontrolleris able to drive the system from any initial state to
the desired temperatureprofile withinthe limits of expectedbehavior
of the experimental setup.

The control of a distributed parameter system for a thermal sys-
tem has wide application in chemical processing units,>* where it
is desired to maintain different zones of the distributed system at
different temperatures. This presentation explores the possibility of
the application of an optimal controller for such a distributed pa-
rameter system without using any model reduction techniques for
the lumped parameter formulation.

Conclusions

An experimental setup representing the heat conduction equa-
tion with a Neumann boundary condition was built, its mathemati-
cal model was developed, and the model was incorporatedinto an
adaptive-criticneurocontrollerto developan optimal controller. This
controller was implemented on-line, and the desired transformation
temperature profiles were successfully achieved in the experimental
setup with this infinite time optimal regulator.
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